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ELEMENTS OF SYMMETRY

Axes of Rotational Symmetry:
If all the properties of the space remain unchanged after a rotation of 2π/n around an 
axis, this will be called a symmetry axis of the order ‘n’.

 According to international notation, an object is represented by a circle , with a   
+ or − sign next to it indicating whether  it is above or below the page plane.

2-fold

3-fold

4-fold

6-fold

Note that 4 axis is at the same 
time a 2 axis and a 6 axis is at 
the same time a 2 and a 3 axis.



Axes of Inversion:
An inversion axis of order n is present when all the properties of the space remain 
unchanged after performing the product of a 2π/n rotation around the axis by an 
inversion with respect to a point located on the same axis. The written symbol is n-bar; 
1-bar, 2-bar, 3-bar, 4-bar, 6-bar axes.

• The 1-bar operations coincides with an inversion with respect to a point or centre of 
symmetry.

• The 2-bar axis is equivalent to a reflection plane perpendicular to it.
• The 3-bar axis is equivalent to the product of 3-fold rotation by an inversion.
• The 4-bar axis is also a 2 axis. 
• The 6-bar axis is equivalent to the product of a 3-fold rotation by a reflection with  

respect to a plane normal to it; this is indicated by 6-bar = 3/m

 According to international notation, if an object is represented by a circle, its  
enantiomorph is depicted by a circle with a coma inside.

 When the two enantiomorphous objects fall one on top of the other in the plane of 
projection, they are represented by a single circle divided into two halves, one of 
which contains a comma and each half has the appropriate + or − sign.



Mirror plane:

It is a reflection with respect to a plane. E.g. an xy-mirror plane transfers a point (x, y, z) 
to (x, y, -z). The written symbol for this plane is m.

Inversion:

In this operation, (x, y, z) is translated to (-x, -y, -z). If an object has this symmetry
element, it is said to be centrosymmetric.





Screw Axes
A screw axis, nm, is defined as a rotation around the n-fold axis, followed by a 
translation of m/n along the direction of the axis.

Types of Screw Axes

2-fold screw axis 21

3-fold screw axis 31, 32

4-fold screw axis 41, 42, 43

6-fold screw axis 61, 62, 63, 64, 65
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Here we'll consider a 41 screw
axis. The operation is a
rotation by +90°, followed by a
translation of ¼ along the c
direction.

As we can see, the operation
cycles on the fourth
repetition, giving the original
point translated one full unit
cell along c, i.e., to the point
(x, y, 1 + z).



On the next slide, we'll see a graphic of the 41 screw axis we 
just studied, along with its enantiomorphous counterpart, a 43
screw axis. 

Formally, a 43 screw operation is a rotation by +90°, followed 
by a translation of ¾ along the c direction.  However, it is 
completely correct - and useful - to consider the operation as 
a rotation of -90°, followed by a translation of ¼ along the c
direction.  Note the different, opposite sense of the rotations 
& look at the arrows as a reminder.



Rotation is 
right-handed

Rotation is 
left-handed

a

b

c
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So….we've just seen how the 43 screw axis may be
considered as a "left-handed version", an enantiomorphous
version, of the 41 screw axis. In this case, both have a c/4
translational component.

Now….let's look at what happens if we consider the 43 axis
as a right-handed rotation, with a 3c/4 translational
component.



To see the full effect here, 
we need to observe three 
full unit cells along the c
direction.
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Rotation is 
right-handed

First translation is 3c/4
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Rotation is 
right-handed

Next translation advances 
the point by 6c/4
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Next translation advances 
the point by 9c/4
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So, you see that the definition of a 43
axis includes a +90º rotation, followed 
by a translation of ¾ along c.  After the 
first application of the operation, we 
are in a second unit cell (+6c/4), and 
so forth.  In order to fill the first cell, 
we'll have to translate the new points 
"back" into the first cell.

Finally, 3+z
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Glide planes - symbols

Translation component

Glide plane element Direction Magnitude Symbol

Axial glide || to a axis 1/2 a a

Axial glide || to b axis 1/2 b b

Axial glide || to c axis 1/2 c c

Diagonal glide || to face diagonal 1/2 a + 1/2 b, 1/2 b + 1/2 c,
1/2 c + 1/2 a

n

Diamond glide || to face diagonal for a face

centred cell

1/4 a + 1/4 b, 1/4 b + 1/4 c,
1/4 c + 1/4 a

d

Diamond glide || to body diagonal for a

body centred cell

1/4 a + 1/4 b + 1/4 c d





Point Groups

• A point group is a set of symmetry elements that 
describe the symmetry of a crystal.

• Point group symmetry does not consider translation.

• Included symmetry elements are rotation, mirror plane, 
center of symmetry, rotary inversion. 

• 32 different possible self-consistent combinations of 3D 
symmetry elements passing though a point. 



Nomenclature

• m is used in preference to 2

• a mirror plane normal to a symmetry axis is indicated
by X/m where X is 2, 3, 4 or 6;

• Where there are two distinct sets of mirror parallel to a
symmetry axes mm is used

• Up to three symbols or combination of symbols can be
used to describe a point group, e.g. 3m, 23, 432 and
6/mmm are all point groups. The order is important.



2D point groups





2D lattices





7 one dimensional space groups



















































In the triclinic system, a ≠ b ≠ c; α ≠ β ≠ γ ≠ 90º. Triclinic
crystals either have only 1 symmetry (a 360° rotation, crystal
class 1) or possess a center of inversion (crystal class ).
For convenience, we’ll often write “1-bar” instead of .

Primitive Triclinic

1
1



On each slide you will see the ac projection of a triclinic or
monoclinic unit cell. The b axis, which points toward the
viewer, is either inclined to the a and c axes (triclinic) or
perpendicular to the page (monoclinic). In the orthorhombic
case, we'll use an ab projection.

Each atom or group of atoms will be displayed by an open
circle. An open circle with a large comma inside will be used
to indicate opposite chirality to the reference molecule.

Each slide opens with the ac (orthorhombic, ab) projection
and a reminder about the axial directions.



We need to define the coordinate system we'll be working in.
Of course, we'll need to specify the positions of atoms or
molecules within the unit cells under consideration. Let's
imagine that a particular atom is located (in Å) at (X, Y, Z). A
preferred method to specify the location of this atom would be
to use a formalism that is independent of the size of the unit
cell. To do this we use fractional coordinates (x, y, z), where

x = X/a y = Y/b and z = Z/c

Within the unit cell, values of x, y and z are thus constrained to
decimal values between 0 and 1. And, for example, a location
in a unit cell adjacent to the reference cell but displaced along
a would thus be (1 + x, y, z).



Our reference molecule or atom is the first atom or group that
appears on the screen as an open circle. It will always have
the coordinates (x, y, z), and we'll draw an ac projection of the
unit cell, with axis b coming out of the page.

In the case of space group P1, we have only unit translations
to apply, in sequence.

Finally, we must specify the location of the atom or group
along the third dimension (its "height" in/out of the screen).
We’ll do this by placing the “prefix” of the y-coordinate next to
the open circle. For the reference molecule, this will simply
be a “+”, as it is located at (x, y, z) ≡ +y. An indicator such as
“½+” signifies “½+y”; “-” is just “-y”. Remember that x, y and z
are fractional coordinates, and for molecules within the unit
cell, each has a value between 0 and 1.



We’ll start by adding the translations, and recording the unique
set of symmetry position(s) generated for a single atom. As the
atoms are added, think about how many are actually within the
unit cell; we’ll call this number Z. Beside the number of
symmetry related atoms, we’ll list their positions. See if you
can assign coordinates to each molecule added; some
answers are given as you proceed.

At a time after all the unique atoms within the cell have been
generated we’ll draw a box around the “General Position”, the
set within the unit cell equivalent by symmetry.

The General Position thus contains a certain number of
equivalent points per cell; the number is referred to as Z. We
will also say that the multiplicity (the number) of the General
Position is Z.



Our first example is space group No. 1, P1 – the symbol
informs us that we have a primitive lattice, and only “1”
symmetry.

A number, n, as a symmetry element in Hermann-
Mauguin notation refers to a rotation by 360/n degrees.
Thus 1 refers to a 360° rotation. This element is also
called the identity in group theory, as it represents a
trivial operation of making no change.

We will consider the effect of symmetry on a molecule or
group located at a “general position” in the unit cell, with
coordinates (+x, +y, +z). Let’s try it now.
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So, we’ve got one molecule per unit cell (Z = 1).

Which two phrases describe the properties of handedness 
and centrosymmetry for P1?

A space group that contains a center of symmetry is referred to
as “Centrosymmetric”; if there is no center of symmetry, it is
called “Non-centrosymmetric”.

A space group that MUST contain pairs of enantiomers is
referred to as “Non-enantiomorphous”.

A space group that may contain molecules of one hand only is 
referred to as “Enantiomorphous”.
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Reference atom

An equivalent position
Prefix

Number of equivalent 
positions contained 
within one unit cell

Now, let's review some of the jargon introduced earlier:

In this area we'll list 
the set of equivalent 
points belonging to 
the general position

Gridline for c/2 

Gridline for a/2

Note that there are "halfway marks" on each unit cell , a visual guide:

a

c



A final point or reminder regarding P (primitive lattices): The
primitive translation operators, expressed in fractional
coordinates, are (1,0,0), (0,1,0), (0,0,1). These operations
apply to any and all lattice points and may be applied once
or many times. Thus, lattice points such as :

(x,1+y,z) (x-1,y,z) (2+x,y-3,z+4)

are all “symmetry-related” to the point (x,y,z).

A common error made in the early stages of understanding is
to suppose that, e.g., (x,1-y,z) is “the same as”, or is
translation-related to (x,y-1,z). Note the difference! In
general, adding or subtracting an integer to a fractional
number is NOT the same as first taking the negative of that
number, and then adding or subtracting integers!



Now let’s take the same diagram, that is, the one we just
finished, and add a center of symmetry at the origin. The
symbol for this is a small circle.

The other thing to look for is the appearance of other centers of
symmetry as you add molecules: these are the ones that are
generated by the interaction (i.e., the multiplication) of the
operations of this group.

After we add the center, where is the next molecule? Will it be
in front of the screen (as for the (x, y, z) molecule), or behind?
Think about its sign (the sign for the y-coordinate) before you
push the button. Yes, its coordinates are (-x,-y,-z), and thus
we place a “-” next to it. If the new molecule that is generated
has the opposite chirality to its symmetry-related mate, we’ll
put a comma inside to indicate that.
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(0, 0, 0) ;   (½, 0, 0);    (0, 0, ½);   (½, 0, ½); 

(0, ½, 0);   (½, ½, 0);   (0, ½, ½);  (½, ½, ½) 

Note that there are two molecules per unit cell, and that other 
centers of symmetry (at a/2, b/2, c/2 and combinations thereof) were 
generated as we added atoms or groups.

It turns out that there are eight centers of symmetry: where are they?

2.1 NoP
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,-,-
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c



Each of the eight centers of symmetry corresponds to a
special position in . Note that each point will be mapped
onto itself by an operation of the group.

Special positions always correspond to a point group
symmetry element, i. e. a rotation axis, reflection, inversion
or rotary inversion axis. A special position always has
reduced multiplicity compared to the general position.

1P

We say that the multiplicity (or number) of molecules placed
in the general positions (Z) would be equal to two, while the
multiplicity (the number) of molecules placed on each of the
special positions would be equal to 1.

As you should now realize, the general position has no
symmetry requirements, while a group occupying a special
position must have the corresponding symmetry.



Why is the multiplicity for the special positions in      equal to 1?1P

Recall that the equivalent positions for       are:1P

),,( zyx ),,( zyx

If we "run" any of the special position coordinates through
these general positions, we only get one value in return:

(0, 0, 0) gives identically (0, 0, 0), and, 

(½, ½, ½) gives (-½, -½, -½).

Placing these two points within the same unit cell by unit
translations along a, b and c renders them identical.



We are now ready to move to the monoclinic system.  There 
are 13 monoclinic space groups.  

Monoclinic crystals belong to crystal classes 2, m or 2/m.  In 
this section we’ll consider space groups P2, C2, and P21.  

We’ll start with space group P2, No. 3. In this case we have 
a primitive monoclinic unit, with a twofold axis.



In the monoclinic system, a ≠ b ≠ c; α = γ = 90º, and β ≠ 90º.  
The b axis is perpendicular to a and c, and we thus call it the 
unique axis.

It is only possible to place a 2 along the b axis, and only 
possible to place a mirror plane (m) perpendicular to the b
axis.

Primitive Monoclinic C-Centered Monoclinic



≡

a

c

a

c

First, let’s look at placement of a single twofold axis along
the b direction, at the intersection of four unit cells in the ac
plane:

Finally, it should also be evident that there will be additional
twofold axes generated by translation, and they are also
compatible with the infinite array of unit cells.

Clearly, the twofold axis reproduces an infinite set of unit cells
in the ac plane. (Keep in mind that the b axis is perpendicular
to the page, and collinear with the twofold axis).

Rotate 180º



Now, let’s try putting the twofold axis along a; it turns out that
whatever we learn here will be equally applicable to our
locating the axis along c.

If this array is rotated 180º about a, the result is incompatible
with the translation repetition of the monoclinic lattice.

Symbol for 
twofold axis 

parallel to page

a

c
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Note that there are two molecules per unit cell, and that other 2-fold 
rotation axes were generated at a/2 and c/2 as we added atoms or 
groups.

It turns out that there are four independent rotation axes: where are they?

(0, y, 0);  (0, y, ½); (½, y, 0); (½, y, ½)
Note that (0, y, 0);… represents a line rather than a point!

a

c



Msp Coordinates

3.2 NoP

+

+

+

+ +

+
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These four independent twofold rotation axes correspond to the four 
separate special positions for P2, each with a multiplicity (Msp) of 1  

1 (0, y, 0) (0, y, ½) (½, y, 0) (½, y, ½)

a

c



Each of the four twofold axes corresponds to a special position
in P2.

Recall that special positions always correspond to a point
group symmetry element, i. e. a rotation axis, reflection,
inversion or rotary inversion axis. A special position always
has reduced multiplicity compared to the general position.

We say that the multiplicity (or number) of molecules placed in
the general position (Z) would be equal to two, while the
multiplicity (the number) of molecules placed on each special
position would be equal to 1.

As you should now realize, the general position has no
symmetry requirements, while a group occupying a special
position must have the corresponding symmetry.



Number 4 is space group P21. The 21 is the symbol for a
screw axis; in this case it must again be along b. The 21 is a
commutative two-step operation (from the symbol MN, a
rotation of (360/M)º followed by a translation of N/M in
fractional coordinates parallel to the axis), and in the diagram
on the following page we’ll use the symbol .
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The next space group is C2, number 5. The rotational
symmetry is just as you saw in the previous section of P2.
But here the difference is in the lattice type. The “C” refers
to C-centering, i.e., centering on the crystal ab face; recall
that the C-centering operation involves a (½, ½, 0)+
translation applied to all primitive lattice points.



Like the “P” or “2” that you’ve seen before, the C-centering
operation is also a symmetry operation. As we noted for
space group P1, in the primitive lattice, we can think of the P
operation as a set of translation operators (1,0,0), (0,1,0) and
(0,0,1). Compared to a primitive lattice, in lattice type C, the
translation operator (½,½,0) is additionally applied to all of the
general equivalent positions.

To construct a diagram for C2, we’ll start by regenerating our
previous P2 diagram, and then add the molecules generated
by the C centering operation.
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The four independent 2-fold rotation axes are the four special 

positions for C2, each with Msp = 2 and separate coordinates

Msp Element       Coordinates

2 2 (0, y, 0) (0, y, ½)

a

c



For space group C2, we have another example…a very
significant one…of the process of constructing a closed set of
operations by visual group multiplication: we’ve generated a
number of 21 axes displaced by ¼ along the a axis, relative to
the 2’s in the unit cell, e.g., (¼,y,0), (¼,y,½) etc.

This suggests an interesting question: will we be attempting a 
derivation of C21, following the analogy of P2 and C2 ?

For the special positions in C2, Msp = 2 tells us that there is
another, symmetry-equivalent position for each of the two
listed: (½,½ +y,0) with (0,y,0) and (½,½ +y,½) with (0,y,½).



Now we’ll consider space groups Pm, Cm, Pc and Cc. All
four belong to crystal class m.

Glide planes (more details to follow) involve a reflection ⊥ to
the plane followed by a specified translation. In the
monoclinic system with b as the unique axis, the possible
glide planes are "a", "c" and "n". The "a" and "c" glide
planes have translational components of ½ along the a and
c directions, respectively, while an "n" glide plane has a
translation along the ac diagonal, viz., (½, 0, ½).



Now we will build Pm, space group number 6. We’ll put in an
m ⊥ to b, thus in the plane of the page, and again use that m
and the translation operators to derive the complete
mathematical group. We’ll use as the symbol for an m
in the page.

And if this array is reflected through the mirror shown, the
result is incompatible with the translation repetition of the
monoclinic lattice.

Again, we can examine the effect of “mis-placing” the mirror; if 
we place it in the ab or bc planes: a

b
For a mirror plane ⊥ page, 

we'll use a solid red or 
black line



Since the mirror plane is in the plane of the screen (viz., the
ac plane), we need a device or trick to remind ourselves that
the reflected molecule:

(a) is directly behind the molecule at (x,y,z)

(b) is of opposite chirality to the molecule at (x,y,z)

We’ll do this by taking our original:

+,-

+

After applying the mirror operation, the new molecule appears
behind the old one, and we indicate this using a vertical bar
(splitting the original group), a comma, and a “-” to show
chirality and position:



Is this space group enantiomorphous or non-enantiomorphous?
Non-enantiomorphous

),,( zyxZ=2;

6.NoPm

+,-

+,-+,-

),,( zyx

+,-

a

c



),,( zyx),,( zyxZ=2;

6.NoPm

+,-

+,-+,-

+,-

Is this space group centrosymmetric or non-centrosymmetric?
Non-centrosymmetric

a

c



6.NoPm

The two independent mirror planes at y = 0 and ½ are the 
two special positions for Pm with Msp = 1 and coordinates

Msp Element        Coordinates

+,-

+,-+,-

+,-

1 m (x, 0, z) (x, ½, z) Mirror planes gen'd at
intervals of b/2

Note that (x, 0, z);… represents a plane rather than a point!

a

c



Hopefully you have discerned that a mirror plane is generated
at y = ½. This is hard to see at this stage: we need a lesson
to make ourselves aware of it!

Let’s do a quick derivation of Pm again, but this time we’ll use 
an ab projection:

+ ),,( zyx+ ,

),1,( zyx −

+ ,
),,( zyx

b

a

And, now we see the mirror at y = ½.  Often it is very useful
to redraw a space group in a more user-friendly orientation!  



How could we have found the mirror plane at y = ½ only from 
the Pm diagram in the ac plane?

One unit cell above the molecules in the top left corner of the 
ac diagram lies another pair at (x, 1+y, z) and (x, 1-y, z). The 
location of the mirror planes is easy to deduce by averaging 
the coordinates of the corresponding pairs of molecules.  
Thus, (x, y, z) and (x, -y, z) are related by a mirror plane at 
[ y + (-y) ] / 2 = 0, and (x, y, z) and (x, 1-y, z) are related by a 
mirror plane at [ y+1-y ] / 2 = ½ !!! 

+ ),,( zyx+ ,

),1,( zyx −

+ ,
),,( zyx

b

a

+,-

+,-

+,-

+,-

a

c



Next we’ll build space group Pc, number 7.  The c-glide plane 
is placed in the ac plane, ⊥ b, just as we did with the mirror 
plane in the case of space group Pm.

A c-glide plane, like the 21 screw axis, is a two-step operation.  
In the first step, the atom or molecule is reflected ⊥ b, and 
then is translated in the c-direction by c/2.  (This operation, 
also like the 21, is commutative…the order in which we do the 
two steps makes no difference to the final result).

Unlike screw axes, which never change the chirality of the 
molecule under consideration, glide planes always produce a 
molecule of opposite chirality.



Let's look at the glide operation in a perspective view.  The 
overall result is shown above.  The unfilled atom is first 
reflected through a mirror in the ac plane, followed by a 
translation of c/2.  



First, the atom is reflected through the ac plane.



Then, the molecule is translated by c/2.



Finally, note that the reflected molecule is of opposite chirality.

We can now attempt our derivation of space group Pc.
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Is this space group enantiomorphous or non-enantiomorphous?
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7.NoPc

Is this space group centrosymmetric or non-centrosymmetric?

Non-centrosymmetric



It should be clear, once again, that space group symmetry
elements which combine translations with rotation or
reflection will not be special positions in the unit cell. A point
corresponding to a location on a glide plane will not be
mapped onto itself by any further operation of the group.

Thus, in Pc, if we place an atom or molecule on the glide
plane at (x, 0, z), another is generated at (x, 0, ½+z). No
symmetry restrictions are placed on the molecule, and it does
not have a reduced multiplicity. The characteristics of the
point (x, 0, z) are no different from those of the point (x, y, z).



Recall again that we can obtain the crystal class by
removing the translations from the symbol; thus a c glide
plane becomes an m.

To get the crystal class for any space group, we remove
the translational symmetry, and ignore the lattice type.
Thus, space groups Pm and Cm belong to crystal class
m, as do space groups Pc and Cc.

As we move forward, recall that the C-centering operation
involves a (½, ½, 0)+ translation applied to all primitive
lattice points.
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An a-glide!
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An n-glide!



Next we’ll consider space groups P2/m, C2/m, P2/c, 
P21/m, P21/c and C2/c.  All six belong to crystal class 
2/m.  Recall that we can obtain the crystal class by 
removing the translations from the symbol; thus a c
glide plane becomes a mirror, m, and a 21 axis becomes 
a 2.

We can now systematize our thinking about 
enantiomorphous and centrosymmetric groups:

Class Remarks

2 Non-centrosymmetric & Enantiomorphous

m Non-centrosymmetric & Non-enantiomorphous

2/m Centrosymmetric & Non-enantiomorphous



The first space group to be derived in this section will be
P2/m. The combination of a 2 with an m perpendicular to it
produces an inversion center at their intersection.

Additionally, since there are three point-group symmetry
elements (2, m and 1bar) in P2/m, there will be a large
number of special positions.

After completing the exercises for P2/m, we’ll go directly to
C2/m.
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0

1

½ 

m, y = ¼•

In the P21/m diagram, the reference molecule at +y
reflects through the mirror plane at y = ¼ to a “height”
of ½ - y. To examine this, first look at the schematic at
left. We have the b axis, with a mirror plane at y = ¼,
and a green point, with a coordinate of “y”, just below
the mirror.

y

After the reflection, the point is transformed to the
orange dot. The new coordinate is ½ - y … the
orange point is just as far from ½ as the green point
was from zero.

•½ -y



Alternatively, we can solve this 
algebraically.  If the coordinate of 
the new point is y2, and the 
separation of the points from the 
mirror is ∆y, then:

∆y = y - ¼  = ¼ - y2

y2 = ¼ - ∆y = ¼ - (y – ¼)

y2 = ½ -y

0

1

½ 

•y
•½ -y

¼
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P2/c diagram!
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We are now ready to move to the orthorhombic system. 

There are 59 orthorhombic space groups.  

Orthorhombic crystals belong to crystal classes 222, mm2
or mmm. In this section we’ll consider many (but not yet all)
of the orthorhombic space groups in crystal class 222,
namely, space groups P222, P2221, P21212, P212121, and
I222.



In the orthorhombic system, a ≠ b ≠ c; α = β = γ = 90º. 

We can thus have three possible crystal classes or point 
groups: 222, mm2 or mmm.  

Primitive Orthorhombic End-Centered Orthorhombic (A- or B- or C- )

Body-Centered Orthorhombic (I) Face-Centered Orthorhombic (F)
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So….when we have two intersecting 2's, we derive P222,
and when the axes do not intersect, we obtain P2221.

Now what we need to do is to try this for a pair of 21 axes: the
drill should now be familiar! First we'll see what we get with a
pair of intersecting 21's, and then with a pair of non-
intersecting 21's. The new group will likely be P2121X, where
X = a new generated element.

Before we begin to look at that, we'll add a shortcut to our
derivations: we've noted several times before that the
combinations of symmetry elements and translations lead to
additional elements that appear every half-unit cell; this is a
very general observation. Look back at the one we just did:
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Remember that, at the end of our derivation of P2221, we 
saw the axes in red appear.  These are not related  to the 
black axes by translation but are generated!  The result is 
that all elements appear every half-unit cell.
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We shall now consider the derivation of the diagrams for
space groups P41 and P43. These space groups belong to
the tetragonal system. There are 68 tetragonal space groups.



In the tetragonal system, a = b ≠ c; α = β = γ = 90º. 

The possible crystal classes or point groups are: 4,   , 4/m, 
422, 4mm,   2m,   m2, and 4/mmm.  

Primitive Tetragonal Body-centered Tetragonal

_
4_

4
_
4
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